Analysis of Two Spherical
Parallel Manipulators With
Hidden Revolute Joints

In this paper, we examine two spherical parallel manipulators (SPMs) constructed with
legs that include planar and spherical subchains that combine to impose constraints
equivalent to hidden revolute joints. The first has supporting serial chain legs constructed
from three revolute joints with parallel axes, denoted R||R||R, followed by two revolute
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Jjoints that have intersecting axes, denoted RR. The leg has five degrees-of-freedom and is

denoted R||R||R—I/€7?. Three of these legs can be assembled so the spherical chains all
share the same point of intersection to obtain a spherical parallel manipulator denoted

as 3-R||RHR-IEI\€. The second spherical parallel manipulator has legs constructed from

three revolute joints that share one point of intersection, denoted RRR, and a second pair
of revolute joints with axes that intersect in a different point. This five-degree-of-freedom

leg is denoted RRR-RR. The spherical parallel manipulator constructed from these legs

is 3-RRR-RR. We show that the internal constraints of these two types of legs combine to
create hidden revolute joints that can be used to analyze the kinematics and singularities
of these spherical parallel manipulators. A quaternion formulation provides equations
for the quartic singularity varieties some of which decompose into pairs of quadric surfa-
ces which we use to classify these spherical parallel manipulators.
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Keywords: spherical parallel manipulator, forward kinematics, singularity variety, Jaco-
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1 Introduction

Spherical parallel manipulators (SPMs) provide control of three
degrees-of-freedom in orientation which is useful in a wide range
of applications such as orienting devices [1], robotic wrists [2-5],
robotic surgery [6], and human joint rehabilitation [7]. Recent
research in the type synthesis of spherical parallel manipulators
has yielded a large number of specialized devices that rely on geo-
metric constraints in the supporting legs. In this paper, we study
two structures that have internal constraints that combine to form
hidden revolute joints. Once these joints are identified, the analy-
sis of these spherical parallel manipulators is simplified.

The two structures that we examine in this paper arise in the
work of Yang [8], who uses “position and orientation characteris-
tic (POC)” of the motion output link (e.g., moving platform of a
parallel mechanism, end link of a serial mechanism, etc.) to iden-
tify new structures for spherical parallel manipulators, two of
which shown in Figs. 1 and 2. About the same time, Kong and
Gosselin [9] uses screw theory for type synthesis and obtained the
equivalent spherical parallel mechanisms, Fig. 3.

In the first case, each leg has a series of three revolute joints
that form a planar chain, denoted R||R||R, and two more revolute
joints that have axes that intersect, denoted RR, Fig. 1. When
three of these legs are assembled so the ending RR chains share
the same point of intersection, O', the result is a three-degree-of-
freedom 3-R||R||R-RR spherical parallel manipulator.

In the second case, each leg is constructed from a series of three
revolute joints that form a spherical chain with center O,
i=1,2,3, denoted RRR, and two more revolute joints that have
axes that intersect, RR, Fig. 2. When three of these legs are
assembled so the ending RR chains share the same point of
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intersection, O, the result is a three-degree-of-freedom 3-RRR-
RR spherical parallel manipulator [8].

Kong and Gosselin [9] have the same structures as those ]S)re-
sented by Yang [8], but use the notation (RRR)” and (RRR)
denote a planar and spherical RRR chains, respectively, and RR to
denote the intersection of the two ending revolute Jomts They
denote these spherical parallel manipulators as 3- (RRR)”-RR and
3-(RRR)*-RR, respectively, Fig. 3.

Our goal is to analyze the forward kinematics and singularity
varieties of the 3-R||R||R-RR and 3-RRR-RR spherical parallel

Fig. 1 The spherical parallel manipulator, 3-R||R||R-RR, con-
sisting of three revolute joints that form a planar chain followed
by two revolute joints with axes that intersect. The three legs
are assembled so the axes of the end pairs of revolute joints
intersect at O'.
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Fig. 2 The spherical parallel manipulator, 3-RRR-RR, formed
from three revolute joints with axes that intersect in one point
and two more revolute joints with axes that intersect. The three
legs are assembled so the axes of the end pairs of revolute
joints intersect at O'.

manipulators, which include internal constraints on each leg
formed from planar and spherical subchains. We show that these
planar and spherical subchains create hidden revolute joints that,
once identified, simplify the analysis. The result is the constraint
manifolds for these spherical parallel manipulators as the intersec-
tion of quadrics in quaternion coordinates. The Dixon resultant is
used to solve the forward kinematic equations. And we obtain the
singularity varieties of the general versions of these spherical par-
allel manipulators and their special cases.

2 Literature Review

The study of spherical parallel manipulators has shown that the
forward kinematic equations of a general SPM have eight solu-
tions [10,11]. Huang and Yao [12] used actuation joint angles as
unknowns in solving the forward kinematics and a closed-form
solution for a specific structure was obtained. Bai et al. [13] pro-
posed a robust forward kinematic analysis by representing the
SPMs using two spherical four-bar linkages. Kong and Gosselin

Moving Platfc

(a)

[14] proposed a simple kinematics equation to calculate the
unique solution of the Agile eye. Zhang et al. [15] analyzed the
kinematics performance of a new orthogonal spherical parallel
mechanism. Gan et al. [16] studied the forward kinematics solu-
tion distribution and analytic singularity-free workspace of linear-
actuated symmetrical spherical parallel manipulators.

Gosselin and Angeles [17] were the first to study the singular-
ities of general parallel manipulators and introduced two Jacobian
matrices that define input and output velocities. Bonev and Gosse-
lin [18] presented the computation and representation of the type
2 singularity loci of symmetric spherical parallel mechanisms
based on an intuitive orientation representation. Sefrioui and Gos-
selin [19] studied the singularity loci of general three-degree-of-
freedom planar parallel manipulators and obtained a graphical
representation of these loci in the manipulator’s workspace. Collin
and McCarthy [20] studied the workspace and singular configura-
tions of a planar platform supported by three linearly actuated
legs, the 3-RPR parallel manipulator. Collin and McCarthy [21]
then studied the Jacobian of spatial parallel manipulators that
have triangular base and top platform architectures with 2-2-2 and
3-2-1 actuator configurations. Yu et al. [22] made a comparative
study on motion characteristics of three two-degree-of-freedom
pointing mechanisms. A o

This paper analyzes the 3-R||R||R-RR and 3-RRR-RR spherical
parallel manipulators that have legs with planar and spherical sub-
chains that combine to impose hidden revolute joints. Using
these hidden joints, we obtain the forward kinematics and Jaco-
bian of these manipulators. A precursor to this work is Kong and
Gosselin [23], who generate alternative spherical parallel mecha-
nisms by removing joints. What we show here is that to analyze
these systems, we must identify and recreate these hidden revo-
lute joints.

3 The Hidden Revolute Joint

In this section, we show how internal geometric constraints on
each leg of a 3-R||R||R-RR spherical parallel manipulator intro-
duce the equivalent of a hidden revolute joint. Intersection of the
motion subgroups [24] for the planar and spherical subchains of
these legs suggests the existence of a shared axis, and in what fol-
lows we provide a detailed calculation to identify this hidden rev-
olute joint and its properties. A similar analysis can be applied to

Fig. 3 Spherical parallel manipulators by Kong and Gosselin [9] that have the same structure
as the 3-R||R||R-RR and 3-RRR-RR, denoted (a) 3-(RRR)E-RR and (b) 3-(RRR)°-RR
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Fig. 4 The link R3;R4 connects the planar and spherically con-
strained portions of the 3-R||R||R-RR

the legs of the 3-RRR-RR spherical parallel manipulator in order
to identify its hidden revolute joint.

Consider the 5R serial chain shown in Fig. 4, which forms one
leg of this spherical parallel manipulator. This leg has the internal
geometric constraints: (i) the subchain chain R|R,R3 forms a pla-
nar chain such that each link moves in planes perpendicular to the
Z axis of the ground frame F; and (ii) the remaining joints of the
subchain chain R4Rs5 are required to intersect at the origin of F
such that the links of this chain are constrained to move on con-
centric spheres around this point.

Of particular interest is the movement of the link denoted R3Rj,
which must satisfy both constraints, that moves on a plane perpen-
dicular to the Z axis and on a sphere around the origin of the
ground frame F. We use dual quaternions to define the movement
of this link [25,26].

A dual quaternion, A is formed from a pair of quaternions, A
and U, written as, A = A + ¢U. A quaternion has four real compo-
nents, A = (ay,az,a3,a4), and the product of two quaternions AB
has the four components given by the matrix operation

ag —daj ay ap bl
a a —a; a b
AB = 3 4 1 2 2 ( 1)
—a a a3 a || b
—d —dy —a3z daa b4

This definition of the quaternion product simplifies its calculation
and avoids Hamilton’s quaternion units, i, j, and k [26]. R

The product of two dual quaternions A =A +¢eU and B =
B + ¢V is given by

AB = (A+¢U)(B +¢V) = AB + &(AV + UB) )

This operation can be viewed as multiplication with the condition
&2 = 0, see Ref. [25].

The movement of the link R3Ry, as constrained by the planar
chain R R,R3, is defined by the dual quaternion P that is the prod-
uct of translations by a@ and b in the X and Y directions, respec-
tively, and a rotation 0 about the Z direction

ftrans(a) = (07 07 07 1) + 8((1/27 07 07 0)
Y ans (b) = (0,0,0, 1) +£(0,5/2,0,0) 3
Zrot(0) = (0,0, sin0/2, cos/2)
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which yields

ﬁ = X\lrans(a)f;trans (b)Z\rol(G)
= (0,0, sin0/2, cos 0/2)

a b . a . b
+a(§cos 0/2 +§sm0/2, fism9/2 +§cos 0/2,0, O>
(C))

Now the movement of link R3R4 as constrained by the spherical
chain R4Rs is defined by the dual quaternion S that is the product
of a rotation A about the Y axis, a rotation of —u around the X axis
and a rotation ¢ about the Z axis

Yiot(4) = (0, sin2/2,0, cos /./2)
5(\1’01(_”) = (_Sin ”/27 07 07 Cos lu/2) (&)
ZAmt(qS) = (0,0, sin¢/2, cos ¢/2)

which yields

§: frot()v))?rot(fﬂ)zml(d))
b n I ¢

A
= <7COS ECOS ESI §+ [(0 ) ESID ESID E

, 2
X COS gcos %sin 2 + cos Esin gsin 5

X COS ésin %sin E—0—cos écos Esin ?
2 2 2 2 2 2

X COS écos Ecos ? — sin %sin ﬁsin ? (6)
2 2 2 22 2

The angles / and u can be interpreted as longitude and latitude
angles of the position of the local z axis of rotation for this spheri-
cal movement.

In order for the link R3R,4 to be able to move in a way that satis-
fies both the planar chain R|R,R3 and the spherical chain R4Rs,
we must have

~

P=35 7

This shows that a =b =0, 1 = u =0, and 0 = ¢. Thus, to sat-
isfy the geometric constraints imposed on this leg, the movement
of the link R3R, is given

P =8=1(0,0,sin0/2, cos0/2) ®)

which is a pure rotation about the ground Z axis. This rotation is
equivalent to the presence of a revolute joint that attaches link
R3Ry to the fixed frame. We call this a hidden revolute joint that
arises from the geometric constraints of the R||R||R-RR leg as
part of the 3-R||R||R-RR spherical parallel manipulator.

This hidden revolute joint can be identified for each of the
R|[R||R-RR legs no matter how they are positioned. The axis of
this joint passes through the center defined by the movement of
the spherical chain and is in the direction perpendicular to the
plane of movement of the planar chain. The existence of the hid-
den revolute joint shows that the movement of the leg is equiva-
lent to an end-effector supported by spherical 3R chain R;yRuR;s,
that has its base link Rj4R;zR;3 which is the output link of the pla-
nar four-bar linkage R;(RR;3R;y, i=1, 2, 3, Fig. 5.

A similar analysis for the 3-RRR-RR spherical parallel manipu-
lator shows that the link R;3R;4 must rotate around the axis that
passes through the center of the spherical chain R;|R»R;3 and the
spherical chain RiR;s. This hidden revolute joint combines with
RisR;s to form a spherical 3R chain that supports the end-effector,
and the base link RyR;yR;3 is driven by the spherical four-bar
linkage R,'IR,'QRBR,‘H, i= 1, 2, 3, Flg 6.
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Fig. 5 The platform is supported by three spherical 3R chains
Ry RisRis, and each base link RjsRyRis is driven by the planar
four-bar linkage Rj;Ri2Ri3R;y- The revolute joints Ry, i=1,2,3,
denote the hidden revolute joints.

Fig. 6 The platform is supported by three spherical 3R chains
R.y RisRis, and each base link Rj3 R, R;3 is driven by the spheri-
cal 4R linkage R;j1R;2Ri3R;y. The revolute joints Ry, i=1,2,3,
denote the hidden revolute joints.

In both cases, the dimensions of the equivalent 3-RRR spheri-
cal parallel manipulator that includes the hidden revolute joints
is used to analyze the movement of the 3-R|[R||R-RR and
3-RRR-RR spherical parallel manipulators.

4 Constraint Manifold of the 3-RRR Manipulator

Since the hidden revolute joints can be identified for both the

3-R||R||R-RR and the 3-RRR-RR spherical parallel manipulators
no matter how they are positioned, we just study the constraint

manifold of the equivalent 3-RRR spherical parallel manipulator
that includes the hidden revolute joints.

The diagram of the equivalent 3-RRR manipulator is shown in
Fig. 7, where u;, w;, v;, i = 1,2,3, denote the unit vectors along the
axes of joints R;y, Ri4, and R;s, respectively, and y; is the angle
between axes u; and w;, while 7; is the angle between axes w; and
v;. We assign a O-XYZ coordinates connected with the fixed plat-
form, and a O-xgyozo coordinates connected with the moving plat-
form at the centered point O. Let the positions of the fixed pivots
be specified by w; = (x;,y;,2), i=1, 2, 3, measured in the fixed
frame F and the moving pivots be vjy = (ri,s;,t), i=1, 2, 3,
measured in the moving frame M.

The position and orientation of the end-effector of the manipu-
lator is defined by the coordinate transformation of points zj in a
moving frame M to coordinates z in a fixed frame F given by

031007-4 / Vol. 9, JUNE 2017

Moving
Platform

Fixed
Platform

Fig. 7 The 3-RRR manipulator. u; w;, v;, i=1,2,3, denote the
unit vectors along the axes of joints R;y, Ris, and R;s, respec-
tively, and y; is the angle between axes u; and w;, while z; is the
angle between axes w;and v;.

7= [R]Z() +d )

The matrix [R] is a 3 x 3 rotation matrix and the vector d =
(dy,dy,d;) is the 3 x 1 translation vector that defines the position
of reference frame M relative to F.

The rotation matrix [R] and translation vector d in Eq. (9) can
be defined in terms of dual quaternion coordinates [26] given by

2(q193 +q294)

G-B-G+a 2092 —93q4)

Rl=| 22 +q3q0) P +B-E+@ 29295 —q194)
2(q193 — q294) 2Apq3+q19s)  —4— B+ B+
(10)
and
—48 4917  —4q6 45 Z;
d=2|-g97 —g8 q5 4 0 (11)
qd6  —45 —4qs 471
q4

Since the moving platform of the spherical 3-RRR parallel
manipulator can only rotate around the point O of the fixed plat-
form, we choose the point O as the origin of the fixed and moving
frames, then, the translation vector d is zero. Then, the vector v;,
defined in the moving frame can be transformed to the corre-
sponding vector v; defined in the fixed frame by

C,‘ : vV, = [R}V,‘()7

i=1,2,3 (12)

Let the angle between axes u; and v; be p;, then, we have three
constraint equations for the spherical platform

C : u,-TVi = uI.T[R}ViO =cosp;, i=1,2,3 (13)

These equations can be interpreted as constraints on vectors with
quaternion components q = (¢, ¢2,¢3,94). It is convenient to
write Eq. (13) as the quadratic forms

Ci: q'[Clq=cosp;, i=1,23 (14)

where [C;] is a symmetric 4 x 4 matrix with the upper triangular
coefficients given by
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Crii = xiri — yisi — zit;

Croi = riyi + Xi8i
Ci3i = rizi + xit;
Crai = sizi — yiti

Coi = —xii + yisi — zili (15)
Cozi = rizi + yit;

Coi = —rizi + Xt

Cs3i = —xiri — yisi + zit;
Csai = riyi — Xisi

Casi = xi1i +yisi +zit;, i=1,2,3

The intersection of the three quadric equations in quaternion coor-
dinates defines the constraint manifold of the spherical platform.

5 Forward Kinematics Analysis

For either of the planar 4R driving linkage of the 3-R||R||R-RR
manipulator in Fig. 5 or the spherical 4R driving linkage of the

A(0) = cos Osinacosysin f — cos o sinysin
B(0) = sinfsinasin f§

C(0) = cosn — cos Osinasinycos f — cos o cosy cos f§

(18)

where o, f, 7, and 5 denote the angular lengths of the links
R[IR,Q, R,‘zR,}, RisRiy, and RiaRiy, respectively, which define the
dimensions of the 4R spherical linkage.

For the convenience of analysis, let the axes of the three hidden
revolute joints Ry, Roy, and Rsy in Fig. 7 be perpendicular to
each another, and let the axes of three revolute joints R;s, Rys, and
R3s which connect with the moving platform be perpendicular to
each another. We assign the X, Y, Z axes of fixed frame O-XYZ in
coincidence with the uy, u,, uz axes, and the xy, yo, zo axes of
moving frame O-xyypzo in coincidence with the v;, v3, v axes,
respectively. As the link 1 of each leg rotates an angle v, the vec-
tor of the corresponding branched intermediate axis w; relative to
the fixed frame F is given by [25]

Wi = (cos iy, cos Yy sin ., siny, sin ),

3-RRR-RR mechanism shown in Fig. 6, we can identify a driving Wy = (siny, sin iy, cos py, o8 Yy sin gy ), (19)
link R; R;» and an output link R;3R;y. Given the input angle 0 of _ . . .
the driving link, we can obtain the output angle ¥ of the output W3 = (cos Yy sin i, sin s sin p3, cos p)
link [25] Let the moving unit vectors v; be specified by
B C
(0) = arctan (—) +arccos (7> 16 vio = (0,0,1), vy = (1,0,0), v3=(0,1,0) (20)
v S — (16)
o measured in the moving frame M. Then, the three constraint equa-
where, for the planar 4R driving linkage tions for the spherical platform can be written as
A(0) =2abcos0 —2gb, B(0) =2absin0, (a7 Ci: W,-TVi = W;F[R}V,.O =cost;, =123 1)
C(0) = g* +b* +a* — h* —2agcosl
It is convenient to write Eq. (21) as the quadratic forms
where a, h, b, and g denote the link lengths of the links T )
RiiRi», RoRi3, RzRiy, and R; 1Ry, respectively, which define the C: q[Dlq=0, i=12,3 (22)
dimensions of the 4R planar linkage. For the spherical 4R driving ) ) ) )
linkage The symmetric 4 x 4 matrices, [D;],i = 1,2, 3, are given by
[—cti — s, 0 iy =y sy
0 —CT) — SUyS cyys cu
D] = 1 sy Vs H 23)
Ciy sy —CTy + Spy s, 0
= sy iy 0 —cty + sy sy |
[ —ct2 + sppsi, Cly casy 0 1
Cly —CTy — S{LsY, 0 —c¥psp,
D;| = 24
D] sy 0 —CTy = SiySYy Cl 4
L 0 —c,Sp, Cly —ct2 + sppsY; |
and
—CT3 — SU3SY; W3Sy 0 cs
cy3s —CT3 + SU3s c 0
ci3 €T3 — SH3SYs3 cW3Sps
CU3 0 —casuy —CT3 + SuzsYs
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Table 1 Solutions of 3-R\|R|\R-ﬁﬁ spherical parallel manipulator with a=1mm, b=h=2mm, g=3mm, u,=u,=p;=90deg,

1 =172=‘L'3=45 deg, 04 =02=03=60 deg

—0.836312 —0.552749 i
—0.711599 — 0.0465637 i

—0.711599 — 0.0465637 i
0.123025 —0.181317 i

0.123025 - 0.181317 i
—0.836312 —0.552749 i

P1 P2 P3
1 —0.133655 —0.133655 —0.133655
2 —1.86405 —1.86405 —1.86405
3 0.123025 - 0.181317 i —0.836312 —0.552749 i —0.711599 — 0.0465637 i
4 0.123025+0.181317 ¢ —0.836312+0.552749 i —0.711599 + 0.0465637 i
5 —0.836312+0.552749 i —0.711599 4+ 0.0465637 i 0.123025+0.181317 i
6
7
8

—0.711599 +0.0465637 i

0.123025+0.181317 i —0.836312+0.552749 i

where s and ¢ denote the sine and cosine functions.
We dehomogenize the quaternion coordinates in Eq. (22) with
respect to g4. This is done by making the substitution
P1=q1/q4, (26)

P2 =q2/q4, D3 =q3/qa

Then, Eq. (22) can be seen as the functions of py, p, by putting the
products of power in p; into the coefficients

Ci: fi(17pl>p2:p1]72717%’p§) :07 i = 17273 (27)
According to Dixon’s resultant principle, we introduce two new
variables ¢, and #, and form the Dixon determinant

filp1.p2)  flp1,p2) f3(p1,p2)
Alp1,p2,t1,t2) = |fi(t,p2)  falt,p2)  f3(t1,p2)
filti,t)  folt, ) f3(t, )

(28)

Dixon observed that A vanishes when ¢, =p; and t, = p,, which
implies that (p;—t,)(p, — t,) are factors of A. Divide out these fac-
tors to obtain the Dixon polynomial ¢

A(p1,p2, 11, 12)

0 P thh) = = 0 (29)
(P1,P2, 11, 12) =1 —1)
The polynomial Eq. (29) can be rewritten as
A t,t
S(pripati ) = —PLPRIR)__qrpie _ g (3p)

(p1—t)(p2 — 1)

where TT = (l‘%: hip,h, 1, 1)7 CT = (P%7P1P2>P1:P27 1)7 [D] is a
matrix whose elements are polynomials in ps.

Dixon proved that three functions in Eq. (27) have common
zeros if the determinant of the matrix [D] equals to 0.

detD] =0 (€2))
Then, a univariate equation in p3 of degree 8 is obtained

8

> eph=0 (32)

=0

where the coefficients ¢; are functions of the geometric parameters
of the manipulator and of the actuator angles. Then, eight sets of
solutions for the forward kinematic equations can be obtained.

To illustrate the above result, an example of the manipulator is
presented. The geometric parameters and the actuator angles of
the 3-R||R||R-RR spherical parallel manipulator are given as
a=1mm,b=h=2mm, g=3mm, y; = i, = uz = 90deg, 11 =
1, = 13 = 45deg, 0, = 6, = 03 = 60deg, while eight sets of sol-
utions obtained are listed in Table 1.

031007-6 / Vol. 9, JUNE 2017

6 Singularities

In order to determine the singularities of the spherical platform,
we collect the quadratic Eq. (14) that define the constraint mani-
fold together with the unit magnitude requirement for a vector q
with quaternion components, to obtain

q'[Ci]lq=cosp;, q"[Co]gq=cosp,, q'[Cs]q=cosp;, q'q=1
(33)

The time derivative of these four equations can be assembled into
the matrix equation

q'[C)] 1 —1/2sinp; 0 0 0
q'[C,] q» 0 —1/2sinp, 0 0
q'[Cs] 43 0 0 —1/2sinp; 0
q1,92,493, 94 q4 0 0 0 0
P 0
m| o
X . =
P3 0
0 0
34

which has the form of the Jacobian for a parallel manipulator

[Alq — [B]f =0 35)
where 4 = (d1,d2.G3,d4) and ¥ = (5, p2. p3,0). The configura-
tions of the manipulator for which the determinant of the coeffi-
cient matrix [A] is zero are known as “type 2 singularities” of the
manipulator [17].
The elements of [A] in Eq. (35) are linear in the quaternion
coordinates q = (¢1, g2, g3, q4) therefore
S: detA] =0 (36)
defines a quartic algebraic manifold that we call the singularity
variety of the manipulator.

6.1 Singularity Variety of the General 3-RRR. Let the posi-
tions of pivots in the fixed and moving frames in Fig. 7 be speci-
fied as shown in Table 2. ¢ is the angle between axes u; and uy,
while ¢ is the angle between axes v; and v;. 4 is the angle
between u3 axis and YOZ plane, while ¢ is the angle between v;
axis and yoOz, plane. v is the angle between axis u; and projec-
tion of axis uz in YOZ plane, while ¢ is the angle between axis v;
and projection of axis v3 in ypOz, plane.

Substitute these positions into the matrix [A] of the Jacobian, to
obtain

Transactions of the ASME

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jmroa6/936130/ on 03/22/2017 Terms of Use: http://www.asme.



—q1 —492 43 44
_ | G Gy G3 Gy
4] = Gs Gs G7 Gs &7
q 2 43 g4
where
Gy = qusin(6 — 6) — g1 cos($ — )
G2 = —gssin(¢ + 0) — g2 cos(¢ + 9)
G3 = —gasin(¢p + 9) + g3 cos(¢ + 0)
G4 = qysin(¢ — ) + gacos(¢p — )
Gs = gscos Acos asin(v — €) + g3(cos ecos g sin A + cos A cos v sin 0)
—qi[cos Acosacos(v — &) — sin Asin o] — g2(cos o sin Asing + cos Asin v sin o) (38)
Ge = —q3cos Acos asin(v + &) + ga(cos ecos o sin A — cos Acos vsina)
—g2[cos Acosacos(v+ ¢) + sin Asin o] — ¢ (cos o sin Asine + cos Asinvsin o)
G7 = —qacos Acosasin(v + &) + g (cosecos o sin L + cos Acosvsing)

+ g3[cos Acos o cos(v + &) — sin Asin g] + ga(cos o sin Asin e — cos Asin v sin o)

Gg = q1 cos J.cosasin(v — ¢) + ¢2(cos e cos osin A — cos A cos vsin g)

+g4[cos Zcos g cos(v — &) + sin Asin g] + g3(cos g sin Asin & — cos Asinvsin g)

Setting the determinant of [A] to zero, we obtain the algebraic
equation of the singularity variety of the general 3-RRR manipu-
lator as

S: 191920304 + 20395 + €339 + Caq3q + C543q2 + Codid3
+C16545 + C8419304 + Coq1q2q3 + 10414244 + C11G54344
+ BN + C13GA1s + CLad3q24a + C15G39192 + C169391G4
+ a1 @2 + 18459293 + C1oq3q1q3 = 0 (39)

The coefficients ¢ to cy9 are constants defined by the positions of
u; and v;, i =1, 2, 3. The singularity variety is a quartic surface in
the homogeneous coordinates qi,q»,q3, and g4. Its geometric
properties are a function of the parameters defining the kinematic
architecture of the spherical parallel manipulator.

6.2 Singularity Varieties of Special Cases. The geometric
properties of the singularity variety are characterized by the posi-
tions of the fixed and moving pivots. Besides, the above general
architecture, we have studied the singularity variety of the follow-
ing special architectures.

Type 1 Pivots lie on a great circle. There are three cases: (a)
the fixed pivots u;, up, and u3 lie on a great circle; (b) the moving
pivots v;, V5, and v3 lie on a great circle; and (c) both the fixed
pivots and the moving pivots lie on great circles, Fig. 8.

Table 2 The positions of pivots u;and v;, i=1, 2, 3, defined in
the fixed and moving frames

1 2 3

up 153 u3
X 0 0 sin /
Y 0 —sin ¢ —sinvcos 4
z 1 cos ¢ coS v Ccos A

vy \) v3
Xo 0 0 sin @
Yo 0 —sin d —sinecos o
Z0 1 cos 0 COS €COS &

Journal of Mechanisms and Robotics

Type 2 Pivots are coincident. There are three cases: (a) Two of
moving pivots v; are coincident in the moving body, (b) two of
the fixed pivots u; are coincident, or (c) both fixed pivots and
moving pivots are coincident, Fig. 9.

Type 3 Pivots are both coincident and on great circles. There
are two cases: (a) the pivots v; are on a great circle and two fixed
pivots are coincident; and (b) the pivots u; are on a great circle
and two of the moving pivots are coincident, Fig. 10.

In what follows, we provide the singularity varieties of these
cases. The positions of the pivots u; and v; are defined as shown in
Table 3, where s and ¢ denote the sine and cosine functions,
respectively.

The pivots w; lie on a great circle. In this case, the singularity
variety of the platform is given by

S:kiq1qs — kigiar + k@iqy — ke@3qs + ksqiq3 — ksq3q;

+ ksqia2q3 + ksq3q10s + keq1q3qs + kaq3q34s + ksq1q2q4

+ koq39195 + ksq3q194 + kada 12 + k104392494 + kaqzq2q3

+ keq39192 + k11439193 = 0 (40)
where the coefficients k;, i = 1,...11 are constants defined by the
positions of u; and v;, i =1, 2, 3.

The pivots v; lie on a great circle. In this case, the singularity
variety of the platform is given by

S kigiqs + kigyqa + ki) + kaqiqn + kadiqs — kagrq;

+ kiqi 9294 + ks@3q143 + ked1 9295 + kq30194 — ksq1q34a
+koqrq3q4 + ksq3q2qs + knqsqiqs — kodiq1qz + kaqiqrqs
+ keq3q293 + ksqiq1g2 = 0 (41)

where the coefficients k;, k = 1,...9 are constants defined by the
positions of w; and v;, i =1, 2, 3.

The pivots w; and v; lie on great circles. In this case, the singu-
larity variety of the platform is given by

S:ki (4143 — Ba3) + (419203 + 039293) T3 (439195 + G39194) =0
(42)
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V
; vy
u
: Uz U u

U, U

Fig. 8 Type 1: (a) the pivots u;lie on a great circle, (b) the pivots v; lie on a great circle, and (¢)
both sets of pivots u; and v; lie on great circles

Vi V5(V3)
v Vo

uy(us) u(us) W

vi(V3)

Fig. 9 Type 2: (a) two of the pivots v; on the moving body are coincident, (b) two of the pivots
u; on the fixed body are coincident, and (c) there are two sets of coincident pivots on both the
moving and fixed bodies

V3 Table 3 The positions of pivots u; and v, i=1, 2, 3, defined in
v vi(V3) V,  the fixed and moving frames, respectively
v 2 3
Type 1(a) u; = (0,0,1) vio = (0,0,1)
w = (0, *WZ’ ) voo = (0, ,Y() ,C0)
uz = (0, —sv,cv) Vip = (m7 —S€ECT, CECT)
Tpr l(b) u = (0 0 l) Vio = (0 0 l)
w = (0 _S¢ C¢) vao = (0, —55 cd)
w(us) U, U U, uz = (s, —svel, cvel) vao = (0, —s¢, ce)
0 ‘ Type 1(c) u; = (0,0,1) vio = (0,0,1)
2 u, = (0, 7sc/),u[>) vao = (0, —s3, cd)
w3 = (0, —sv, cv) vip = (0, —se, ce)
Fig. 10 Type 3: (a) the pivots v; are on a great circle and two
fixed pivots are coincident and (b) the pivots u; are on a great  TYPe 2(2) u; =(0,0,1) vio = (0,0,1)
circle and two of the moving pivots are coincident u = (0, —s¢, C¢) Va0 = (0, =55, cd)
w3 = (sA, —svci, cvel) vio = (0,0, 1)
Type 2(b) u; = (0,0,1) vio = (0,0, 1)
where the coefficients k;, i =1, 2, 3 are constants defined by the w = (0, —sp,ch) vao = (0, =59, ¢9)
positions of w;and v;, i =1, 2, 3. u; = (0,0, 1) V30 = (50, —seca, ceca)
Two of the pivots v; are coincident. In this case, the singularity — Type 2(c) u, = (0,0,1) vio = (0,0,1)
variety of the platform is given by w = (0, —s¢ ch) vy = (0, —55 o)
uz = (0 0 l) V3p = (07 —50 (‘0)
8: PPy =4sin6(—q143 08 + q2q4 c0s p + q1g2 sin Type 3(a) u; = (0,0,1) vio = (0,0,1)
+ q3q4 5in ¢)(g2q3 sin . — q1q4 sin A + q1q3 cos Asinv uw = (87 (;Sld) cd) vao = (0, =59, cd)
+ g2gscos Asinv) =0 (43) us = ) Va0 = (0, =€, ce)
Type 3(b) ul (0,0,1) vio = (0,0,1)
Two of the pivots w; are coincident. In this case, the singularity ug _ EO :;f’fj;) zig : gg:(; vl()) cd)

variety of the platform is given by

S:P Py =4si 0 o— ind ind
1P> sin (4143 080 +244.€080 — ¢1425ind + ¢34 5in ) The pivots v; are on a great circle and two fixed pivots are coinci-

x (q1g3cosasine — qaqacosasine +q2q3 sine dent. In this case, the singularity variety of the platform is given
+¢1q4sinc) =0 (44) by

S: PP, =4si ine - 0 14
There are two sets of coincident pivots on both the moving and 2 sin ¢ s%nc(q1q3 q.2q4)(qlq3 €08 0+ q244 cos
fixed bodies. The singularity variety of the platform is given by — q1925ind + q3g4sind) = 0 (46)

S: PP, = 4sindsin0(q1q3 — q2qs)(q1q3 €08 + gaqa 08 S The pivots u; are on a great circle and two of the moving pivots
) : i are coincident. In this case, the singularity variety of the platform
— q1925ind + q3g4sin 6) = 0 (45) s given by
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5

Fig. 11 The singularity variety of the 3-RRR spherical parallel
manipulator that has both sets of pivots u; and v; lie on great
circles

Fig. 12 The singularity variety of the 3-RRR spherical parallel
manipulator that has two coincident pivots on the base and two
coincident pivots on the platform, decomposes into pairs of
quadric surfaces

8: P1Py; = 4sinvsind(q1g3 + q2q4)(—q193 cos ¢ + gaqa cos ¢
+q1928in ¢ + g3qasing) =0 7
Notice that the quartic singularity varieties of some special

cases that have coincident pivots decompose into pairs of quadric
surfaces.

Journal of Mechanisms and Robotics

5

Fig. 13 The singularity variety of the 3-RRR spherical parallel
manipulator whose pivots u; are on a great circle and two of the
moving pivots are coincident, decomposes into pairs of quadric
surfaces

We dehomogenize the quaternion coordinates with respect to g4
to visualize the surfaces. This is done by making the substitution
X=4q1/qs,y = q2/qs and z=gq3/qs. For type 1(c), set ¢ =
30deg, v = 60deg, 6 = 30deg, ¢ = 60deg to obtain the quartic
surface shown in Fig. 11. For type 2(c), set 0 = 60deg to obtain
the two quadric surfaces shown in Fig. 12. For type 3(b), set ¢ =
60 deg to obtain the two quadric surfaces shown in Fig. 13.

7 Conclusions

In this paper, we examine two spherical parallel manipulators,
3-R||R||R-RR and 3-RRR-RR, that have the property that their
legs combine subchains that have specific geometric constraints.
We show that these geometric constraints combine to impose hid-
den revolute joints in series with the RR chains that connect to the
platform. Using these hidden revolute joints, the movements of
the two spherical parallel manipulators are equivalent to the
3-RRR spherical platform. A quaternion formulation provides
equations for the quartic singularity varieties some of which
decompose into pairs of quadric surfaces which we use to classity
these spherical parallel manipulators.

This method can be used to analyze six other spherical parallel
manipulators presented by Kong and Gosselin [9], specifically,
the cases (i) 3-R|[R||P-RR (denoted 3-(RRP)*-RR), (ii) 3-R||P||R-
RR (denoted 3-(RPR)*-RR), (iii) 3-P||R|R-RR (denoted
3-(PRR)®*-RR), (iv) 3-P||P|R-RR (denoted 3-(RPP)’-RR), (v)
3-P|R|P-RR (denoted 3-(PRP)*-RR), and (vi) 3-R||P||P-RR
(denoted 3-(PPR)®-RR). We obtain solutions for the forward kine-
matic equations and present the singularity varieties of the general
configuration and eight special cases. The introduction of the hid-

den revolute joints simplifies the kinematics and singularity analy-
sis of these spherical parallel manipulators.
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